An effective theory is formulated for the dynamics of the guanosine triphosphate ͑GTP͒ cap believed to stabilize growing microtubules. The theory provides a ''coarse-grained'' description of the cap's dynamics. ''Microscopic'' details, such as the microtubule lattice structure and the fate of its individual tubulin dimers, are ignored. In this cap model, GTP hydrolysis is assumed to be stochastic and uncoupled to microtubule growth. Different rates of hydrolysis are assumed for GTP in the cap's interior and for GTP at its boundary with hydrolyzed parts of the microtubule. Expectation values and probability distributions relating to available experimental data are derived. Caps are found to be short and the total rate of hydrolysis at a microtubule end is found to be dynamically coupled to growth. The so-called catastrophe rate is a simple function of the microtubule growth rate and fits experimental data. A constant nonzero catastrophe rate, identical for both microtubule ends, is predicted at large growth rates. The delay time for dilution-induced catastrophes is stochastic with a simple distribution that fits the experimental one and, like the experimental one, does not depend on the rate of microtubule growth before dilution. The GTP content of microtubules is found and its rate of hydrolysis is determined under the circumstances created in an experiment designed to measure this GTP content. It is concluded that this experiment's failure to register any GTP content is consistent with the model. A recent experimental result for the size of the minimal cap that can stabilize a microtubule is shown to agree with the result predicted by the cap model, after its parameters have been extracted from previous experimental results. Thus the effective theory and cap model presented here provide a unified description of several apparently contradictory experimental data. Experimental results for the catastrophe rate at different concentrations of magnesium ions and of microtubule associated proteins are discussed in terms of the model. Feasible experiments are suggested that can provide decisive tests of the model and determine its three parameters with higher precision.
I. INTRODUCTION
Microtubules ͑MTs͒ are long and extremely rigid, tubular polymers. They assemble from tubulin, a protein found in eukaryotic cells, which ''crystallizes'' to form a helical lattice ͑see Fig. 1͒ . Microtubules form an important part of the cellular scaffold and provide a network of ''rails'' for active intracellular transport. They also play a crucial role during cell division, forming a dynamic structure that spatially separates duplicated chromosomes. Twelve years ago, Mitchison and Kirschner discovered that the polymerization of MTs from tubulin is a very unusual process: a MT can repeatedly, and apparently randomly, switch between persistent states of assembly and disassembly in a constant concentration of tubulin ͓1,2͔. This behavior is observed in vivo as well as in vitro ͑see Fig. 2͒ and is referred to as dynamic instability.
This switching between growing and shrinking states at one concentration is unusual for a polymer. It is achieved by an increase in the chemical potential of the monomers after assembly. The energy required to do this is provided by hydrolysis of a guanosine triphosphate ͑GTP͒ nucleotide bound to assembling monomers. While thermodynamics thus can explain the coexistence of the growing and the shrinking states, it cannot explain the dynamics of the transitions between these states. An interesting possibility, suggested by Mitchison and Kirschner ͓1,2͔, is that transitions occur as a consequence of competition between assembly and GTP hydrolysis. A growing microtubule assembles by the addition of GTP tubulin, which is later converted to guanosine diphosphate ͑GDP͒ tubulin. In Mitchison and Kirschner's scenario, a growing microtubule has a stabilizing cap of GTP tubulin ͓2,3͔. If hydrolysis overtakes the addition of new GTP tubulin, the cap is gone and the MT's end undergoes a change to the shrinking state, a so-called catastrophe. Though it is known that GTP hydrolysis precedes disassembly, it may not be the rate-limiting process in the change to a disassembly-favoring state, however. Conformational changes of tubulin or structural changes of the MT are other candidates; see ͓4-6͔ for reviews.
Despite the large amount of experimental and theoretical work devoted to the cap model, it is still the subject of controversy ͓4,5,11,12͔. At the center of the debate are seemingly contradictory results about catastrophes, GTP contents, and the cap size coming from three types of experiments.
͑i͒ When MTs are grown in pure GTP-tubulin solutions at various constant concentrations, the frequency of catastrophes is one every few minutes and decreases with increasing concentration ͓13,14͔; see Fig. 4 below. This suggests that the stabilizing cap is longer, hence less apt to be lost, at larger concentrations. But no cap model has been able to relate concentration with frequency of catastrophe in a manner quantitatively resembling the observed relationship.
͑ii͒ In dilution experiments the concentration of tubulin is abruptly reduced to zero, resulting in catastrophes within seconds, independent of the initial concentration ͓15,16͔; see Fig. 5 below. This suggests that the cap is short and independent of the concentration at which it is formed.
͑iii͒ In experiments attempting to measure the GTP contents of microtubules grown in a manner to assure maximal GTP contents, no GTP can be found after the 15-20 s dead time of the experiment ͓17͔.
Successful models should also be able to explain a range of other observations: that the distribution of catastrophe times is nearly exponential ͓18͔, that a small cap assembled from a nonhydrolyzable GTP analog can stabilize a microtubule ͓19͔, that cutting a microtubule usually results in a catastrophe ͓20͔, and others.
In this article we show how these experiments are described naturally by the same simple stochastic cap model, thereby resolving these apparent contradictions. The wide temporal range of behavior of the first three experiments enumerated-from seconds to minutes-is explained in terms of tubulin assembly and transformation, processes that occur over time scales shorter than tenths of seconds. In formulating this model, we were inspired by the many previous attempts; see ͓4͔ for a review.
All mathematical derivations in the article itself are heuristic, with the emphasis on the modeling of mechanisms. But all heuristic results are backed by rigorous analysis given in the Appendixes.
Specifically, the article is organized as follows. Section II motivates our use of an effective theory and explains what it is, for the benefit of readers to whom the concept is unfamiliar. Section III introduces the theory, or model. Section IV presents a heuristic analysis of the model. It is an attempt to understand as much as possible from the assumed dynamics of the model, employing a minimum of calculations. Sections V-XI discuss specific types of experiments, essentially one type per section. In each section the experiments are briefly explained with the issues they address, we give the aspects of the model that are relevant for its comparison with the experiments in question, and discuss the comparison. We see a careful discussion of model and individual experiments in the light of each other as the only proper way to test the model and to isolate new experimental questions. Section XII contains the discussion. Section XIII lists suggested experiments. Section XIV contains our conclusions.
Appendix A collects our notation, which is introduced wherever needed throughout the article. Six additional appendixes contain the mathematical analysis of the model and its adaption to specific experimental situations. These appendixes provide the mathematical underpinning of the article, which no heuristic analysis can provide. The model presented in this article was described briefly, with an equally brief comparison with some experiments, in ͓21͔.
II. MICROTUBULE STRUCTURE AND MOTIVATION FOR AN ''EFFECTIVE'' THEORY
The general structure of a microtubule is shown in Fig. 1 . It is a tube formed from dimers arranged in a helical pattern. Each dimer consists of two closely related polypeptides, called ␣ and ␤ tubulin. In solution, these are bound very tightly together, and this tubulin dimer plays the role of the ''monomer'' of microtubule polymerization. We will use the two terms, dimer and monomer, interchangably. The dimers are arranged along the microtubule in a head-to-tail pattern, forming a ''protofilament.'' Microtubules in living cells usually have 13 protofilaments, but ones assembled in vitro may have a range of protofilament numbers.
The literature contains several rather detailed cap models; see ͓4,5͔ for reviews. A priori, the detailed accounting of these models for the fate of individual tubulin dimers may seem both necessary and advantageous. In practice, however, the experimental data available are insufficient to determine many free parameters. The available data do not provide direct information about the ''microscopic'' processes described by these models. The data were taken with light microscopes that are resolution limited to seeing changes of several hundred monomers. The microtubule itself is seen only as a change in optical density where it is located. The data also are not sufficiently precise to allow us to deduce the proper values of microscopic parameters from their ''macroscopic'' consequences.
We choose an alternative approach to modeling by aiming for an effective theory containing as few details as possible. By an effective theory we mean a theory that is not formulated in terms of fundamental variables and phenomena, but in terms of fewer variables on a coarser scale. Ideally, an effective theory and its parameters are then derivable from a fundamental, microscopic theory and its parameters.
Several data sets are available from experiments investigating different manifestations of the cap. None of the existing models have been able to explain more than selected aspects of the data. So the data can discriminate against models. On the other hand, it is clear from the data that a model should contain only a few free parameters if they are to be unambiguously determined by the fit. More parameters will result in ambiguities in their determination.
Thus we know that we should not be concerned with the details of the microtubule lattice. With its 13 protofilaments and its five-start helical structure for the lattice of tubulin dimers, we would have to introduce a multitude of parameters to describe the various cap configurations in such a microscopic description, as some models do ͓12,22͔. We know, of course, that it is at this microscopic scale ͑and even smaller scales͒ that the relevant processes take place. The idea of a GTP cap model is that it is GTP molecules liganded to individual tubulin dimers that are hydrolyzed, thereby changing a given dimer from being part of the cap to no longer being that. But this does not oblige us to carry out our modeling at this microscopic length scale. That is why we aim for an effective theory.
The length scale that we here refer to as microscopic is the molecular scale of tubulin heterodimers, the monomers of the polymer that is a microtubule. It is 5-10 nm. The effective theory is formulated on a coarser length scale, unable to resolve the three-dimensional structure of a microtubule, which consequently is seen as a one-dimensional object.
III. AN EFFECTIVE THEORY
Since our goal is an effective theory, we only need the crudest description of what goes on at the microscopic level. To be specific, we are not concerned with the tubular shape of microtubules. Nor are we concerned with the dimer form of the tubulin, as the dimers effectively function as monomers in the polymerization process. We do, however, take into account a consequence of the heterodimer form of tubulin: it gives a definite overall polarity to the microtubule, with the consequence that its two ends differ, as illustrated in Fig. 1 . In terms of structure, one end terminates in ␣ tubulin, while the other terminates in ␤ tubulin. In terms of dynamics, one end ͑conventionally called the plus end͒ polymerizes faster than the other ͑called the minus end͒. It is not yet clear whether the plus end is the ␣-terminating or ␤-terminating end. In the present section we formulate the model for one end without specifying which, since we describe both ends with the same model, with only some of the rate constants differing.
A. Microscopic description
Consider monomers that polymerize at one end with a rate constant k g for addition, each contributing ␦x to the length of the polymer. Thus the polymer end will grow with average velocity v g ϭk g ␦x.
͑1͒
The monomers in question are tubulin heterodimers, known to be 8 nm long, and we can assume a microtubule has 13 protofilaments. So we know that each monomer added to it contributes with 8 nm/13 ϭ 0.6 nm to its length, i.e., we know that ␦xϭ0.6 nm.
͑2͒
In a normal polymerization processes, the on rate k g is usually accompanied by an off rate and the growth velocity v g , which is observed in experiments, is the net effect of the competition between these two rates. However, in the case of microtubules it has been demonstrated experimentally that the off rate is zero ͓13͔. Consequently, the value of k g can be calculated from Eq. ͑1͒, since ␦x is known and v g can be observed. This is important because k g is more than just an alternative representation of the information contained in v g . It parametrizes a random process, the addition of ␦x to the length of the microtubule. The average outcome of this process is described as continuous growth with constant velocity v g . But superposed on this, there is the difference between the actual and the average outcome, an unbiased random process that we will not ignore ͓23-25͔.
We think of the monomers as tubulin-t that will hydrolyze to tubulin-d since that is the general scenario of GTP cap models. But, strictly speaking, this does not matter for our effective theory. What matters is ͑i͒ that polymer ends grow by addition of monomers that are in one state, ͑ii͒ that these monomers, once added, can and will change to a different state, and ͑iii͒ that the first state keeps a growing microtubule-end growing, while ͑iv͒ the second state causes a ''catastrophe'' if it extends to the end of the microtubule. The difference between the two states needs not be the dif-ference between GTP and GDP. It can, for example, be purely configurational ͓5͔. In the remainder of this article we will continue to use the terms tubulin-t, tubulin-d, and hydrolysis as convenient terms for the two states and the passage from one to the other. But it should be remembered that we have not committed the effective theory to the literal meaning of these labels.
We assume that hydrolysis is a stochastic phenomenon, occurring with rate constant k h where a tubulin-t monomer neighbors a tubulin-d monomer and rate constant k h Ј , where it does not; see Fig. 3 . Thus a section of the polymer end that consists entirely of tubulin-t will hydrolyze from its borders with tubulin-d with average velocity
where the value of v h may depend ͑through k h ) on whether the border moves towards the plus or the minus end because of the inherent polarity of the microtubule. Below, we distinguish between those two cases with the notation v h (ϩ) and Ϫ) . In general, this hydrolysis moving in a specific direction is referred to as vectorial hydrolysis.
In the interior of a section of polymer that consists of tubulin-t, new borders are formed with a rate rϭk h Ј/␦x ͑4͒ per unit length per unit time. This rate is the same at both microtubule ends, since it describes a process that is not oriented relatively to the microtubule's polarity. One might refer to it as scalar hydrolysis.
We do not know the values of the rate constants k h and k h Ј . They are model parameters that must be determined by fitting the model's results to experimental data. Since ␦x is known, v h and r are an alternative pair of model parameters, entirely equivalent to k h and k h Ј as long as we keep in mind that k h , like k g , also parametrizes a random process, in this case the removal of ␦x from the length of a tubulin-t section of the microtubule. The velocity v h describes the average outcome of this process, but we will also account for the fluctuations around this average in order to obtain catastrophes in growing microtubules. Now consider a section of the polymer that consists entirely of tubulin-t and is located at the end of the polymer. It will be referred to as the cap. On the average, this cap grows with velocity
but hydrolysis of its interior breaks it into a shorter cap and another section of tubulin-t at a rate rx, where x is the instantaneous length of the cap. The length of the resulting shorter cap is any fraction of x with equal probability since the process of interior hydrolysis that cuts the cap down in size occurs with equal probability anywhere along its length. When the cap is cut into two pieces in this way, the ''piece'' of tubulin-t that is not the new, shorter cap is hydrolyzed from both its ends ͑see Fig. 3͒ , as well as in its interior, while no new tubulin-t is added to it. So it disappears relatively fast, while new such patches of tubulin-t are left behind by the ever moving cap. We assume that if a catastrophe occurs and the end of the depolymerizing microtubule encounters such a leftover patch of tubulin-t, then this patch does not cause so-called rescue, i.e., it does not constitute a new cap that brings the microtubule end back in the growing state. On the contrary, we assume that the microtubule depolymerizes uninhibited by the patch. We imagine that the tubulin-d oligomers known to ''curl'' off depolymerizing microtubules gain sufficient energy by their change to this configuration that they, when bordering a patch of tubulin-t, are able to sever the lateral bonds between protofilaments made of tubulin-t. Thus the model presented here does not provide a mechanism for rescues, which presumably are due to an entirely separate phenomenon ͑con-sider the results of ͓26-28͔͒.
B. Getting rid of the microscopic description
Neither the rate r nor the velocities v, v g , and v h carry any information about the microscopic length scale ␦x, nor about the rates per monomer k g , k h , and k h Ј . So as long as we use only the quantities r, v, v g , and v h in our description, we can ignore the existence of a microscopic scale.
Mathematically formulated, we can take the limit ␦x→0 while keeping r, v, v g , and v h at fixed values; they are of order zero in ␦x.
We will, however, retain one consequence of the existence of the microscopic scale in our effective theory: While the length x of a cap on the average grows with velocity v between events of internal hydrolysis, fluctuations around this average are inevitable, but only of order one in ␦x, as Eq. ͑6͒ shows. So these fluctuations, which we retain in the description, are a signature of the microscopic phenomena underlying our effective description. One may view this description as a systematic approximation, resulting from an expansion in ␦x up to two leading orders. As already indicated, the source of these fluctuations is the random nature of the events that the cap length x in a given time interval is extended by the amount ␦x by the addition of a tubulin-t dimer to the microtubule or reduced by ␦x by the hydrolysis of a dimer at the trailing edge of the cap. By a straightforward calculation one finds that the variance of this cap length distribution grows in time with a constant rate 2Dϭ͑k g ϩk h ͒␦x 2 ϭ͑v g ϩv h ͒␦x, ͑6͒
i.e., the cap length evolves in time as the coordinate x of a particle diffusing in one dimension with diffusion constant D given in Eq. ͑6͒. This completes the description of our model. Bringing it all together, a cap of length x grows steadily with velocity v, but also experiences two different stochastic processes: A diffusionlike time evolution, parametrized by the diffusion constant D, is superposed on the steady growth. With probability rx per unit time the length x of the cap will be reduced to any fraction of its length with equal probability. When we add to this description that a vanishing cap, the event that a cap's length x happens to decrease to zero, represents a catastrophe, then we have fully described our model.
IV. HEURISTIC ANALYSIS OF THE MODEL
This section attempts to develop some understanding of how our model works through a heuristic analysis of it. A rigorous analysis of the model is given in this article's appendixes and the results of this analysis are discussed in the following sections, where we see that the heuristic estimates derived in this section are quite accurate.
A. Dynamically coupled hydrolysis
We notice that according to our model, the GTP in a growing microtubule is located not only in the cap, but also in other ''patches'' of tubulin-t surrounded by tubulin-d; see Fig. 3 . The GTP in these patches was recently a part of the cap, but was separated from it by its internal scalar hydrolysis. Once separated from the cap, such patches of tubulin-t suffer vectorial hydrolysis from both ends and internal scalar hydrolysis as well. Internal hydrolysis breaks patches into more patches, all of which hydrolyze from both ends and internally as well. The result is a total rate of GTP hydrolysis per microtubule end, which can be substantially larger than the rate of GTP hydrolysis taking place in the cap alone.
We assume the hydrolysis rates v h (Ϯ) and r are independent of the growth rates v g (Ϯ) of a microtubule's plus and minus ends, i.e., we assume uncoupled hydrolysis. So at large growth rates v g (Ϯ) ӷv h (Ϯ) , microtubule ends would grow caps at rates v g (Ϯ) Ϫv h (Ϯ) were there no internal hydrolysis. With a nonvanishing rate of internal hydrolysis, however, a GTP cap of length x suffers internal hydrolysis at rate rx, as does any other patch of tubulin-t of length x. With every event of internal hydrolysis two new ''fronts'' of ''vectorial'' hydrolysis are opened up, thereby adding
to the total rate of GTP hydrolysis at the microtubule end in question; see Fig. 3 . So a plus or minus end equipped with a tubulin-t cap and n (Ϯ) additional patches of tubulin-t will hydrolyze GTP at the rate
For a microtubule end elongating at a given rate v g (Ϯ) , the number n (Ϯ) of tubulin-t patches trailing the cap is a fluctuating integer. New patches are created by the stochastic process of internal hydrolysis. Because they are created with stochastic lengths, they also disappear at stochastic times, even as they shrink with constant velocity v h (ϩ) ϩv h (Ϫ) . However, we know the average value of n (Ϯ) in a state of steady growth. Since tubulin-t is added to a microtubule end at the rate v g (Ϯ) , it must, on the average, also hydrolyze at that rate in the steady state, so
from which it follows that
Thus we see that, although we have assumed that hydrolysis is a simple stochastic process, characterized by rates that are uncoupled from the rates of microtubule growth, we nevertheless end up with a total rate of hydrolysis at each microtubule end that is dynamically coupled to its growth rate. All that is required to have this phenomenon is two kinds of uncoupled hydrolysis: the internal scalar hydrolysis occurring at a rate proportional to the amount of GTP present and the vectorial hydrolysis occurring at each interface created by the scalar hydrolysis. As we shall see, this also results in a short cap and a finite catastrophe rate at all growth rates.
B. Cap size
We expect qualitatively different dynamics for different values of the three parameters v, D, and r. Intuitively, we might expect there to be three regimes of behavior. One is a large-positive-velocity regime, in which the cap grows quickly in length and only the cutting prevents the cap from becoming large. In this regime, the ''diffusion'' of the cap length is less important for its length than its average growth and its cutting. Another regime is the large-negative-velocity regime, in which the cap shrinks on average and only the fluctuations allow the cap to exist at all, but it remains so short and short lived that cutting is unimportant. Finally, we expect a small-velocity regime, in which diffusion and cutting are most important because the average growth is small.
It is interesting to understand the behavior of the model in all three of these regimes, as they all turn out to be relevant for the interpretation of experiments. It also turns out that we can calculate a great deal using only dimensional analysis, since each of the three regimes is characterized by the dominance of two of the three parameters. As a first example, we calculate the cap size in the large-velocity regime.
Basically, any cap grows with average velocity v. But its length x is kept within bounds by its abrupt reduction by interior hydrolysis to any fraction of x with rate rx. With ⌬t denoting the average time between such reductions of the cap length, we have the estimate
r͗x͘⌬tϷ1, ͑11͒
where ͗x͘ is the average cap length.
Between reductions, caps grow with velocity v, hence with the length v⌬t, on the average. This is also the length removed when a cap is reduced from its largest length to, on the average, half that length, from which it grows again. So its largest length we estimate by 2v⌬t, its shortest to half that, and consequently its average length we estimate as ͗x͘Ϸ3/2v⌬t.
͑12͒
Eliminating ⌬t, we find for the average cap length ͗x͘Ϸͱ 3v 2r
. ͑13͒
This equation shows that the cap length grows only slowly with the microtubule growth rate v g , which enters through Eq. ͑5͒. The averages we here have listed freely with the phrase ''on the average'' are not rigorous averages, but estimates. They are better than order-of-magnitude estimates, but they are not exact in general.
Note that the estimate given in Eq. ͑13͒ is the only combination of v and r that we can create that has units of length, so we could have guessed this form of the result from the beginning, apart from its numerical prefactor, since we have excluded D from the argument as being irrelevant at large velocities v. We can use this observation to calculate the cap size in the other two regimes: only D and r will enter in the small-velocity regime and only v and D will enter in the large-negative-velocity regime, for the reasons given above. Dimensional analysis thus tells us that the average cap size is given by in the large-negative-velocity regime.
͑14͒
The cap size grows as v increases, so the cap is smallest in the large-negative-velocity regime and largest in the largepositive-velocity regime.
If we take the ratio of two of these length scales, we have a dimensionless quantity. We define this quantity as
where the factor of 2 is for convenience later. ␥ is a measure of the importance of v relative to the other constants and allows us to make precise our definition of the regimes. In particular,
͑ large negative velocity͒↔␥ӶϪ1. ͑18͒
C. Catastrophe rate
The cap size, however important conceptually, is not directly observable for GTP caps. ͑Stabilized caps are discussed below.͒ The catastrophe rate is, so it is useful to have a simple way of estimating the catastrophe rate. The important step is to realize that it is the fluctuations parametrized by D that cause catastrophes when v is positive, since the cap grows on the average, and there is no chance that the cap will be cut to exactly zero length. But because caps effectively are bounded in length because of internal hydrolysis and because the growth of caps really is a biased random walk, any cap will vanish sooner or later. So we have a nonzero catastrophe rate in this model.
We assume the cap starts with a size of order ͗x͘. For vϾ0 the catastrophe rate then is the average time required for the cap to fluctuate in size by this amount ͗x͘, which is on the order of D/͗x 2 ͘ϳD/͗x͘ 2 . In the case vϽ0, the cap shrinks on the average and this alone, without fluctuations, will cause a catastrophe in a time ͉v͉/͗x͘. Therefore,
The catastrophe rate is smallest when ␥ӷ1 and largest when ␥ӶϪ1.
D. Delay time for dilution-induced catastrophes
In dilution experiments caps are grown at velocity v and then have their growth retarded or arrested by dilution of the surrounding tubulin solution to a low or vanishing concentration, which we characterize by its resulting ͑possibly negative͒ growth velocity vЈ for the cap. We estimate the average delay between dilution and ensuing catastrophe. vЈ corresponds to ␥Ј and the value of ␥Ј determines which parameters dominate. For sufficiently strong dilution, ␥ЈϽϪ1 and the cap is consequently cut until its length is short enough that its negative growth velocity causes it to disappear before the next cutting event, i.e., it is cut to a length x given by
Therefore the delay time for a dilution induced catastrophe is approximately 1/ͱ͉vЈ͉r.
E. Amount of GTP in a microtubule
While we do not specify the chemical or structural nature of the cap in our model, one possibility is that it is defined by the tubulin-t subunits. If so, we can use the model to estimate the amount of GTP present in a microtubule. In experiments designed to measure this quantity, microtubules are grown from tubulin-t in which the GTP is radioactively labeled. The GTP content of the microtubules grown this way is measured by filtering them from the surrounding tubulin solution, washing the filters, and then measuring the level of radioactivity. Thus some time passes, and consequently GTP hydrolysis, between the time when the microtubules have their growth arrested and the time when the GTP content is measured. We estimate the amount of GTP left in a microtubule as a function of time t after dilution.
The tubulin-t in a microtubule exists as a cap on each end, shrinking from their trailing edges with velocities v h (ϩ) and
, respectively, plus a number of GTP ''patches,'' each of which shrinks from its edges with velocity v h (ϩ) on one side and v h (Ϫ) on the other. Furthermore, each cap and patch is broken into smaller caps and patches at rate r per unit length. It is possible and convenient to treat the two caps as one patch with the caps' summed length, because this ''effective'' patch shrinks with the same velocity w h as do the other patches.
Let n(t) denote the total number of patches at time t, including that made from the caps, and let l GTP denote the total length of tubulin-t left at time t. These numbers differ for different microtubules, but we let n(t) and l GTP (t) denote the average value at time t, the average being taken over a large number of microtubules, i.e., an ensemble average. Then n(t) is a real number, varying continuously with t. The total amount of tubulin decreases at the rate
and the number of patches changes as
The loss term describes the rate at which patches disappear by shrinking to zero length. It depends on the distribution n(xt) of patch lengths x-it is w h n(0,t), to be specific and hence cannot be expressed in terms of the two variables n and l GTP . So the simple equations we just gave do not close. Dimensional analysis is also insufficient to save the day, though the time scale obviously is set by
because the GTP will hydrolyze significantly faster if it initially is distributed over many relatively short patches rather than a few relatively large ones.
The patch length distribution needed for initial condition here is determined in Appendix F for a microtubule growing with constant velocity and having done so long enough for a steady-state to have been achieved. It is found to be rather complicated. n(0) we know, of course, for this steady-state growth from Eq. ͑10͒. But we do not even know the total amount of GTP present initially, hence we cannot even give an upper bound on the time it takes for it to hydrolyze, say, by assuming it is all located in one big cap. So we finish this section on heuristic analysis with a clear-cut case of its failure.
V. CATASTROPHE RATE

A. Connecting theory and experiment
The frequency at which microtubules change from their growing to their shrinking state, the catastrophe rate, is best measured experimentally by observing the dynamics of individual microtubules ͓29,30,14,13͔. We focus here on the latest results ͓13͔. The catastrophe rate is found as the ratio between the total number of catastrophes observed in an experiment and the total time spent in the growing state by the microtubules observed. In this experiment microtubules are grown from seeds and a shrinking microtubule always vanishes entirely, whereupon a new microtubule grows from the seed.
This is a crucial observation because it makes it possible to establish the necessary connection between theory and experiment. This is a nontrivial matter: Because the model is formulated as a partial differential equation, initial data and boundary conditions are required to determine the particular solution to this equation, which describes a given experimental situation. We meet this requirement in the following way.
͑i͒ As just observed, we may assume that each cap is initially created with zero length, because it is created on a microtubule starting its seeded growth from zero length. This means that the ensemble of caps found on microtubules grown this way is described by Eq. ͑C18͒.
͑ii͒ The microtubules that are observed in the experiment have caps that are as old as the microtubules themselves, since the experiment was carried out under conditions where rescues do not occur. So the individual cap has aggregated and lost again by hydrolysis as much tubulin-t as there is tubulin in its microtubule. This means that the cap is old by its own standards, by which we mean that the probability distribution for its length has the asymptotic form given in Eq. ͑D1͒, with the result that the catastrophe rate is given by Eqs. ͑D3͒ and ͑D5͒,
B. Characteristic features of theoretical result
The catastrophe rate given in Eq. ͑24͒ has a nonzero limit r␦x/2 for v g /v h →ϱ and becomes large for v g →v h . This is in agreement with experimental results, which show that f cat seems to be constant for higher tubulin concentrations, while f cat increases rapidly if v g is decreased to small values; see ͓13͔, Fig. 7 , which is reproduced in Fig. 4 .
Equation ͑24͒ gives an infinite value for f cat for v g ϭv h , corresponding to vϭ0. This, however, is an artifact originating in Eq. ͑24͒ being an approximation valid only for ␥ large. For vϷ0, ␥ is not large, hence the approximation is not valid. In dynamical terms, the approximation assumes the cap sustained by its growth with v alone, and this is not true for small values of v, as explained heuristically above.
Diffusion also contributes to a finite cap length and is the dominant effect for small values of v. How precisely this happens is described by the full expression given in Appendix D. For the present, we have understood that Eq. ͑24͒ is valid only when ␥ is not small, i.e., when v g is not too close to v h . The value for v h is determined in the following subsection.
C. Comparing the theory to experimental results for the catastrophe rate
We have fitted the expression for the catastrophe rate in Eq. ͑24͒ to the experimental results for the catastrophe rate for plus ends f cat (ϩ) (v g (ϩ) ), given in ͓13͔, Fig. 7 , and shown in Fig. 4 , by treating v h (ϩ) and r as fitting parameters. The resulting fit is seen in Fig. 4 , and we see that there is satisfactory agreement between theory and experiment, when we remember that the experimental error bars do not denote random Gaussian errors, but only are the best we could come up with for error bars: The data that were averaged to get the data points shown contained some scatter and we treated this scatter as if it were due to truly random Gaussian errors. Also shown in Fig. 4 are fits based on the full expression in Eq.
͑C18͒.
With the superscript ϩ on v h (ϩ) we have indicated, as above, that it is possible that the value for this hydrolysis rate may depend on whether it describes a hydrolysis front propagating towards a plus end, as here, or towards a minus end, because of the polarity of microtubules. On the other hand, we assume that the interior part of caps on plus and minus ends are identical. Thus the parameter r should be the same for plus and minus ends. As ␦x denotes the contribution from the length of a tubulin dimer to the length of the microtubule, it obviously is also the same for both ends.
As a matter of fact, the two velocities v h (ϩ) and v h (Ϫ) must differ for the model to reproduce experimental results correctly: For a given tubulin-t concentration, the growth rate v g (Ϫ) for the minus end is slower than the growth rate v g
for the plus end by approximately a factor 2 ͑see ͓14͔, Fig.  4͒ . If the hydrolysis rate v h were the same at both ends, our model would predict a higher catastrophe rate for the minus end than for the plus end because of the minus end's slower growth rate. But the minus end seems to have the same or smaller catastrophe rate as the plus end at a given tubulin-t concentration ͑see ͓14͔, Fig. 7͒ This conclusion should be taken with the precaution that the error bars on the experimental results in ͓14͔, Fig. 7 are large. But the arguments just presented illustrate well a general point.
, r, and, obviously, ␦x to be independent of the tubulin concentration, so the model must account for the experimentally observed difference between catastrophe rates at plus and minus ends solely through the experimentally observed difference in growth rates v g (ϩ) and
because only through these rates does the model depend on the tubulin concentration. This demand on the model provides an acid test of it, so it would be interesting to have data to test it against.
Notice that even as we distinguish between plus-and minus-end values for v g and v h , the asymptotic values for the catastrophe rates f cat (ϩ) and f cat (Ϫ) for v g (Ϯ) ӷv h (Ϯ) are the same for plus and minus ends since they are given entirely in terms of ␦x and r in Eq. ͑19͒. This very distinct prediction of our model is consistent with experimental results; see ͓14͔, Fig. 7 and ͓31͔, Fig. 5 . These results are not that precise, however, and the validity of this prediction is another experimental acid test of the model. To the extent the model survives the test, such an experiment is a very direct way to measure the parameter r.
VI. DILUTION EXPERIMENTS
In dilution experiments, microtubules are first grown in a high concentration of tubulin, giving a high assembly rate v g , and then submitted to rapid and massive dilution to induce catastrophes and disassembly ͓15,16͔. Dilution experiments were motivated by the extended cap model resulting from so-called uncoupled vectorial hydrolysis, which essentially is the model one obtains by setting rϭ0 in the model presented here. In that model hydrolysis only occurs from the trailing edge of the cap, at the rate v h , which is not coupled to the growth rate v g . Consequently, long caps, and correspondingly long delay times upon dilution, were expected for high growth rates. No such connection between predilution growth rates and ensuing catastrophe rates has been found. Quite to the contrary, the catastrophe rate upon dilution is essentially independent of the growth rate ͓16͔. This observation was an important guide in formulating our model. In the present section we demonstrate that the model explains what is seen in dilution experiments. We concentrate on the latest work with the most detailed data ͓16͔.
In Appendix E the model is solved with boundary condi- FIG. 4 . Catastrophe rate f cat versus growth rate v g . Dots with error bars represent experimental results ͓13͔. The horizontal error bars represent the standard error in the mean ͑SEM͒ v g for the sample, the vertical error bars the SEM for the catastrophe rate. The full curve represents the theoretical expression from Eq. ͑D8͒ with t cutoff ϭ0.1 m. A plot of the approximate theoretical expression in Eq. ͑D3͒ cannot be distinguished from the full curve, showing how well Eq. ͑D8͒ is approximated by it. The dashed curve represents the theoretical expression from Eq. ͑24͒ approximating Eq. ͑D3͒. Note that this graph is a hyperbola. All three theoretical expressions were fitted to the experimental results, using ␦xϭ0.60 nm, and resulted in v h (ϩ) ϭ0.25Ϯ0.05 m/min and rϭ222Ϯ84 m Ϫ1 min Ϫ1 for the optimal fit of Eq. ͑24͒. The other two fits gave the same result up to insignificant differences.
tions appropriate for dilution experiments. It is argued that a description even simpler than our full model suffices when microtubules are grown so fast before dilution that catastrophes can be ignored and when dilution is to a concentration so small that after dilution caps disappear mainly by cutting with rate r and shrinking with velocity vЈϷϪv h . In that case, fluctuations parametrized by D can be ignored, i.e., Dϭ0 can be assumed. This simplifies our master equation ͑C1͒, resulting in simple solutions that are simple to find.
The relevant results are that the average delay time for dilution-induced catastrophes is
where v and vЈ are the cap-growth velocities before and after dilution, respectively. The last approximate expression is typically a good approximation because the growth rate prior to dilution v g typically is large compared to v h and hence so is vϭv g Ϫv h , while dilution results in a small or vanishing concentration, resulting in ͉vЈ͉ϳv h and therefore vӷ͉vЈ͉. Equation ͑25͒ therefore predicts a waiting-time distribution that is essentially independent of the growth rate prior to dilution. To the extent a dependence is predicted, the waiting time increases only slightly with the predilution growth rate v, except at small rates vϳv h ; see Fig. 5 . The delay time itself is a random number distributed as
͑26͒
These theoretical results are in full agreement with the experimental results presented in ͓16͔, Figs. 3 and 4 and reproduced here in Fig. 5 . In generating the theoretical curves, we assume that dilution stops all additional growth. This is probably correct under the conditions of the experiment ͓32͔.
It would be interesting if the nonlinear dependence we predict with Eq. ͑25͒,
could be fitted to the experimental data with statistically significant values for r, v h , and v g Ј . From the appearance of the data, we judge this not to be the case. The combination of parameters rvЈ, on the other hand, is well determined from the essentially constant value of t cat for large values of v g . Because the experimental delay-time distributions in the upper row in Fig. 5 to a good approximation is independent of the predilution growth rate v g (Ϯ) , the merger of these data, shown in the lower part of Fig. 5 , should also be described by the distribution of delay times given in our Eq. ͑26͒, as long as one takes into account that the origin on the time axis in Fig. 5 denotes the starting point for a dilution that takes several seconds to reach completion. We have fitted our expression in Eq. ͑26͒ to the data in Fig. 5 , leaving the ''true'' dilution time as a free parameter to be fitted, but using the same dilution time for the data for plus and minus ends, since the experiments were done with the same apparatus. Our fits are shown in Fig. 5 .
From the values for t cat giving the optimal fits shown in Figs. 5͑c͒ and 5͑d͒ and by assuming vЈϭϪv h , we find TABLE I. Parameter values of the model found by fitting to the experimental data as follows: first line, fit to experimental catastrophe rate for the plus end ͓13͔ with ␦x kept fixed at its experimental value 1 m/1680 ϭ 0.60 nm; second line, fit to the experimental waiting-time distribution for dilution induced catastrophes at the plus end ͓16͔ with ␦x kept fixed at its experimental value; third line, same as for the minus end; fourth line, combined fit to the experimental catastrophe rate for plus ends and the experimental waiting-time distributions for both ends, with ␦x fixed at its experimental value; fifth line, same, except that ␦x is also treated as a fitting parameter. Table I . Dilution was initiated at tϭ0 and required some time (6.1 s when used as a free parameter in our fit͒ for completion. rv h (ϩ) ϭ122Ϯ12 min Ϫ2 and rv h (Ϫ) ϭ101Ϯ10 min Ϫ2 . But since the two experiments giving the data in Figs. 4 and 5 were done under somewhat different conditions ͑e.g., there were differences in the buffers that may affect the dynamics ͓33-35͔͒, we cannot expect the values for r and v h (ϩ) that we determined in Sec. V to agree with the value found here for the product rv h (ϩ) , and indeed they differ; see Table I . It would obviously be of great value to have experimental results taken under the same conditions for both the catastrophe rate, as in Fig. 4 , for the delay time upon dilution, as in Fig. 5 , and preferably for both microtubule ends. If the tubulin concentration after dilution can be known with reasonable certainty in the dilution experiment, such data would greatly overdetermine the three parameters r, v h (ϩ) , and v h (Ϫ) of the model and consequently provide another stringent test of it.
In conclusion, we have seen that the rather detailed data obtained by video microscopy in dilution-induced disassembly experiments all can be understood within our model. In particular, we have demonstrated that the delay in the onset of disassembly is a stochastic quantity whose average and distribution is quite well determined when the experimental data are interpreted in terms of our model. So the ''puzzling large variability'' ͓5͔ in the individual delay times that have been measured has a natural explanation within our model and the delay time can be determined from the data; it is not just a fixed number, but a random number with a known distribution. We have also explained quantitatively how the delay in the onset of disassembly depends on predilution concentrations and found that it does not, to a very good approximation. We have seen that the mechanism of cap hydrolysis that is responsible for the delays' near independence of predilution concentration is the very same mechanism that keeps the cap short irrespective of the concentration it is grown at, namely, interior hydrolysis at a constant rate r per unit length of cap.
In view of the good agreement between theory and experiment in Fig. 5 it would be interesting to have more experimental data for better statistics, especially for a range of small predilution growth rates where the model predicts a nontrivial dependence in the waiting-time distribution and a more complicated distribution. The quickest possible dilution is desirable in such experiments to obtain a sharper definition of the point in time where dilution effectively takes place. Alternatively, a controlled and calibrated dilution will do as well, since we can calculate the theory's prediction for any known tubulin concentration as a function of time, using the full theory presented in the Appendixes.
VII. COMBINED ANALYSIS OF THE CATASTROPHE RATE AND DILUTION EXPERIMENT
In this section we ignore the fact that the conditions differ between the two experiments giving the data shown in Figs. 4 and 5 and do a combined fit of the parameters three parameters to both data sets. Figure 6 shows the result as full curves, with dashed curves indicating the fits found in previous sections by separate fits. We see that the difference is not radical, but nevertheless significant. This reemphasizes the desirability of having both types of experimental data taken under the same conditions. The difference is also reflected in the different result obtained for the three parameters r, v h (ϩ) , and v h (Ϫ) ; see Table I . Since the combined fit overdetermines the three parameters, we can make a strong test of the robustness of the theory's description of the experimental data: We can use the excess of information available to fit also the value of ␦x to the data to see if its known value 0.60 nm, can be extracted from the data. We emphasize that this is a strong test because the data were taken with light microscopes with a resolution of several hundred nanometers, while the value for ␦x is known to be only a fraction of a nanometer. But with sufficiently many and sufficiently precise data points, a correct theory must, of course, be able to ''predict'' its own underlying microscopic length scale from a fit to the data. Conversely, if the data are insufficient or the theory's description of the data is shaky, the result of turning loose a parameter such as ␦x may result in a better fit, for sure, but with a physically absurd result for ␦x.
Fitting this way, we find ␦xϭ0.24 nm. All in all, we find this value for ␦x close enough to the true one to give good support for the model. It is also yet another argument for the desirability of having data all taken under identical conditions. FIG. 6 . Simultaneous fit of the theory to data for the catastrophe rate and data for the waiting-time distribution for dilution-induced catastrophes, using one pair of parameters r and v h (ϩ) . Their fitted values are given in Table I . Top frame, catastrophe rate for the plus end of the microtubule; experimental data from ͓13͔. Bottom four frames, waiting-time distributions as in Fig. 5 ͓36͔. 
VIII. GTP HYDROLYSIS RATE EXPERIMENTS
A. Issues
The suggestion that there is a GTP cap at the end of a polymerizing microtubule originated in a study of the kinetics of GTP hydrolysis ͓3͔. The suggestion that the loss of this cap is the cause of catastrophe ͓2͔ inspired additional studies of the kinetics of GTP hydrolysis in assembling microtubules ͓37-43,17͔. The conflicting results of these studies inspired several different models for the GTP cap ͓44-47,41,43,48,22,49͔. The first study's suggestion of uncoupled stochastic hydrolysis ͓3͔ was replaced by uncoupled vectorial hydrolysis, coupled ͑or forced͒ hydrolysis with stochastic dissociation, and the related lateral cap; see ͓5,4͔ for reviews. In the present section we derive what our model can tell us about the kinetics of GTP hydrolysis. Thus we take a model has already proven its value by explaining microtubule behavior-experiments in which GTP hydrolysis plays a central role, but manifests itself only indirectly through the catastrophe rate and the waiting-time distribution-and we compare this model's predictions for hydrolysis experiments with the experimental results, without fitting any parameters or making any other adjustments. We emphasize that our model does not actually specify the biochemical nature of the cap, but if we suppose it to consist of GTP tubulin, then our model predicts the rate of GTP hydrolysis. We demonstrate that the model predicts GTP hydrolysis to follow assembly closely, in agreement with the most recent experimental results ͓38,39,42͔, because the initial lag period for hydrolysis lasts only a few seconds. We also demonstrate that the model explains the most recent and careful experiment attempting to measure the GTP contents of microtubules ͓17͔.
A key experimental issue concerns whether GTP hydrolysis follows microtubule growth closely or lags behind it at high growth rates. If the rate of GTP hydrolysis in a microtubule is independent of its rate of growth, hydrolysis may lag far behind the addition of GTP in a rapidly growing microtubule, especially if hydrolysis occurs only at the trailing edge of a cap, the case of uncoupled vectorial hydrolysis. But also uncoupled stochastic hydrolysis should result in microtubules containing a high proportion of GTP initially in the case of rapid growth. Consequently, it should be possible to detect the presence of GTP in rapidly growing microtubules as a lag in the amount of GTP hydrolyzed relatively to the amount of polymer assembled.
Whether or not hydrolysis lags behind assembly is a controversial issue; see ͓5,4͔ for reviews. The two most recent studies use radioactively double labeled GTP and rapid filtration techniques, but come to opposite conclusions. In ͓43͔ a significant lag in the release of phosphorus is reported. The technique used in this experiment has a dead time of only 2. This speed was acquired at a cost: filters were not washed and the raw data had to be corrected by large factors for contamination of the filtered microtubules with unpolymerized tubulin-t. In ͓17͔ it is reported that no accumulation of microtubule-bound GTP could be detected with a similar technique in which filters were washed and the dead time was 15-20. In the following subsections we first derive our model's predictions for hydrolysis rates and GTP contents and then discuss the experimental results in the light of our predictions.
B. Relevant quantities
Two aspects of the mode of hydrolysis described by our model are of particular interest for a discussion of experiments on the kinetics of GTP hydrolysis.
͑i͒ How fast is the steady state pattern of GTP hydrolysis acquired upon the initiation of growth? Is an initial lag in hydrolysis detectable?
͑ii͒ How fast does the GTP at the end of a growing microtubule disappear by hydrolysis, if growth is arrested? Will a method looking for this GTP in microtubules be able to detect it, given the dead time of the method between the arrest of growth and the measurement of GTP?
In order to answer these questions we must describe quantitatively how the patches of GTP fare in our model.
C. Case of microtubules growing at a constant rate
In this subsection we consider the GTP content of microtubules growing with constant velocity, i.e., in a constant concentration of tubulin. In actual experiments the tubulin concentration is depleted by the growth of microtubules ͓17,43,40͔. This does not affect our evaluation of the initial lag time in hydrolysis given here if the characteristic time for depletion is much longer than the lag time. It does make a difference if the two characteristic times are comparable, as is the case in ͓17,43,40͔, because the GTP content is reduced by the reduction in the growth rate cased by depletion. The effect can be described along the lines used in this subsection; this is done in appendix G. The expressions given there are unwieldy, we warn the reader. One purpose of that Appendix is to show this, so the reader will settle for less in the present subsection. Another purpose of Appendix G is to give those unwieldy expressions for the record, since they do describe what happens in the relevant experiments. Here we merely observe that the initial lag time for hydrolysis derived here for microtubules growing at constant rate is an upper bound on the lag time for microtubules growing at the same rate initially, but then at decreasing rate. This bound comes about because the lagging hydrolysis has only to catch up to a lower rate of GTP incorporation in the microtubule than the initial one.
Consider now a microtubule end that grows with constant velocity v g . At a distance l from the end of the microtubule, hydrolysis has been going on for a time l/v g . Consequently, with the notation and results of Appendix F, at distance l from the end of the microtubule we expect to find a total length (tϭl /v g ) of tubulin-t per unit length of microtubule, distributed over a total of n(tϭl/v g ) patches per unit length of microtubule.
From this it follows that the amount of tubulin-t present at time t at a microtubule end grown from zero length at time zero with constant velocity v g is, on the average,
where ⌽ is the error function and
͑29͒
From the properties of the error function it follows that the amount of tubulin-t present at a microtubule end approaches its limit value from below, exponentially fast, and with a characteristic time t h that is independent of the growth rate. The only dependence on the growth rate is in l GTP (ϱ). The total amount of tubulin-t at a microtubule end may be compared with the amount in the cap at that end. For this ratio we find
This ratio typically grows only slowly with v g since typically
The number of tubulin-t patches at a microtubule end is, on the average,
where
This last result is just the steady-state condition for hydrolysis, derived heuristically above with more precision; compare (ϱ) with the number of patches in Eq. ͑10͒. The difference between Eqs. ͑10͒ and ͑32͒ arises in the derivation of the latter equation, because it does not take into account the cap's hydrolysis. Consequently, Eq. ͑10͒ is the more correct one. Using the values in Table I , Eq. ͑32͒ overestimates ͗n͘ by approximately half a patch for each end. As the number of patches is large in the hydrolysis experiments we shall discuss below, we ignore this difference. We note that, according to Eqs. ͑29͒ and ͑32͒, the total amount of tubulin-t at a microtubule end growing with constant velocity v g is proportional to v g in the steady state and so is the number of patches it is distributed over. The length of the part of the microtubule containing these patches is also proportional to v g , as we can see from the form of (tϭl/v g ): v g occurs only in the combination l/v g in .
The number of patches of length x at a microtubule end growing with constant velocity v g has the following average density with respect to x in the steady state:
where is defined in Eq. ͑F7͒. (ϱ) and l GTP (ϱ), found above, may be derived also from Eq. ͑33͒. Now we can address the questions formulated in Sec. VIII B for the case of microtubules grown from zero length at constant tubulin-t concentration and hence with constant growth rate v g . The rate of GTP hydrolysis at a microtubule end depends on time as the rate of hydrolysis per patch w h times the number of patches present
In this expression the hydrolysis rate is given in lengths of microtubule per unit time. We see that there is an initial lag in the hydrolysis rate relatively to its asymptotic value v g . GTP-liganded tubulin is associated into the microtubule at a constant rate v g , but GTP is hydrolyzed at a rate that initially is zero and growing only as t 2 . We also note that the rate of hydrolysis approaches its asymptotic rate monotonically and exponentially fast, with characteristic time t h . Its initial lag is just what is needed to build up the cap and its trailing patches of tubulin-t to their steady-state sizes during constant growth.
We note that this initial lag time is independent of the growth rate v g and the same for plus ends and minus ends. Thus, for microtubules growing from both ends, the hydrolysis rate per microtubule is obtained by replacing v g in Eq. ͑34͒ by v g (ϩ) ϩv g (Ϫ) , i.e., with the growth rate of the microtubule. The same substitution applied to Eqs. ͑28͒ and ͑33͒ gives respectively the amount of GTP present in a microtubule growing from both its end and the number of patches of a given length that this GTP is distributed over.
We conclude that the time required for GTP hydrolysis to reach the fraction y of its steady-state rate v g is t͑ y ͒ϭͱϪ2ln͑1Ϫy ͒t h . ͑35͒
For example, using the parameter values given in the fourth line of Table I , t h ϭ4.8 s, so t(95%)ϭ12 s and t(99%)ϭ15 s. Thus our model ''predicts'' for hydrolysis experiments that hydrolysis follows microtubule assembly within a few seconds. This agrees with the more recent experimental results ͓38,39,42͔ as well as with early results ͓50,51͔. Now suppose we abruptly arrest the growth of a microtubule end that has been growing with constant velocity v g , while GTP hydrolysis continues with unchanged rates r and w h . Since tubulin-t is not replenished through growth, we may ask how much time it takes for the tubulin-t at the end to disappear by hydrolysis. The correct way to answer this question consists in solving the master equation ͑F4͒ with the distribution given in Eq. ͑33͒ as the initial condition. This task is too difficult to be worth the effort. An upper bound on the time suffices for our purpose. In order to establish this bound, we note that if the total amount of tubulin-t present l GTP (ϱ) were not already distributed in patches, but instead were present as one continuous stretch of tubulin-t, then it would take more time to make it disappear by hydrolysis than it actually does and the relative amount of tubulin-t left at time t after growth was arrested would be (t), given in Eq. ͑F16͒, i.e., Eq. ͑35͒ describes also an upper bound on the time required for GTP hydrolysis eliminate the fraction y of the GTP present at the time growth from the steady state was arrested.
In conclusion, we have seen that the total amount of tubulin-t present in a microtubule end growing from zero length with constant velocity is a monotonically increasing function of time. Hence, if growth is arrested before the tubulin-t at a growing microtubule end has reached its steady-state value, even smaller amounts of tubulin-t will be found a given time after the arrest than would be found after arrest from the steady state. We have found an upper bound on the amount of tubulin-t found a given time after arrest from the steady state, expressed in Eq. ͑35͒ with t h ϭ4.8 s, and resulting in at least 99% of the GTP being hydrolyzed 15 s after arrest. This is consistent with recent results ͓17͔ that fail to detect any GTP remaining after 15-20 s.
IX. EXPERIMENTS VISUALIZING THE GTP CAP AND MICROTUBULE END STRUCTURE
In a recent elegant experiment a slowly hydrolyzable GTP analog and rhodamine labeled tubulin were used to make caps at ends of microtubules directly observable ͓19͔. These caps are essentially static, their sizes depending only on the time the microtubules were allowed to polymerize in tubulin liganded with the slowly hydrolyzable GTP analog and on the concentration of that tubulin. The experiment serves to illustrate that a cap of tubulin that cannot convert to tubulin-d does stabilize a microtubule made from tubulin-d. Thus the experiment makes it plausible that a short GTP cap will also stabilize such a microtubule. From the cap sizes observed in this experiment, a minimal size for a cap that will stabilize a microtubule is estimated roughly to contain 40 tubulin dimers.
It is in the nature of the model presented in this article that there is no way to define a minimal cap size that will stabilize a growing microtubule. Whatever the growth rate, and hence the average cap size, there is a nonzero catastrophe rate because of the fluctuations in the cap size and hence no absolute stability. We may, however, extract a cap size from our model that is relevant for comparison in a discussion of minimal cap sizes. We know that a microtubule must grow faster than the cap hydrolyzes from its trailing edge for the cap to exist as due to more than a fluctuation. The dimensionless parameter ␥ parametrizes the relative importance of the various processes contributing to the cap's dynamics; at large-␥ values catastrophes are rare and the microtubule is ''stable''; at small-␥ values fluctuations dominate. Choosing ␥ϭ1 as the separator of stabilized microtubules from unstable ones is as good as any other choice we can come up with. This identity corresponds to a value for v g that is only a fraction larger than v h . Specifically, we can solve the equation ␥ϭ1 for v g and find to a good approximation that
where the last term on the right-hand side is small for the parameter values given in Table I . The value 1 for ␥ was found sufficiently large to make the large-␥ approximation for the catastrophe rate a good approximation. So we assume the same to be true for the cap size and use the expression given in Eq. ͑E3͒ for it. This results in
␦x for ␥ϭ1.
͑37͒
Using the parameter values obtained from the fit in Fig. 4 and given in Table I , we find that the ''minimal'' cap contains ͗x͘/␦xϭ26 tubulin-t dimers.
It cannot be overemphasized that this is a very rough estimate for a number that has no natural definition or meaning within our model. That said, it is close enough to the value 40 reported in ͓19͔ to be consistent.
The size of a typical cap, on the other hand, is well defined, but depends a little on the velocity of microtubule growth v g . Using v g ϭ0.75 m as a typical value in Fig.  4 and Eq. ͑E3͒ with the parameter values determined from that figure, we find ͗x͘ϭ99␦x.
In another recent experiment, the geometrical structure of tips of growing microtubules were studied with cryoelectron micrography and in many cases found to consist of curving sheets of various lengths, some of them long, and apparently containing less than ϳ7 protofilaments ͓52͔. It is in the nature of the coarse-grained modeling done in the present article that nothing can be said about such detailed geometrical structures. We note, however, that if the sheets observed constitute the actual cap, then the sizes observed for these sheets fall in the range of cap sizes predicted by our model for rapidly growing microtubules.
X. EFFECT OF MAGNESIUM ION CONCENTRATION
It has been known for a long time that magnesium promotes microtubule assembly ͓53-56͔. More recent results show that disassembly is promoted as well ͓57,26,58͔. The most recent study measured catastrophe and rescue rates in addition to growth and shrinking rates, varying both the magnesium ion concentration and the tubulin concentration ͓31͔. This makes it interesting to compare our model with the results reported in ͓31͔, especially because our model states that the catastrophe rate depends directly on the growth rate, and only indirectly, through the growth rate, on the tubulin concentration. Since the growth rate and the tubulin concentration are proportional, we need to vary something else in order to test this property of our model. Preferably we would like to change the growth rate without changing the tubulin concentration and vice versa. This is where the magnesium ion concentration ͓Mg͔ becomes a convenient parameter to vary, since the growth rate v g increases with ͓Mg͔ at fixed tubulin concentration. While convenient, the magnesium ion concentration is no ideal parameter to vary, because, as we shall see, the growth rate is not the only parameter in our model that must depend on ͓Mg͔.
In ͓31͔, the effect of magnesium ion concentration on the dynamics of individual microtubules was investigated with video-enhanced microscopy for tubulin concentrations varying from 8 to 24 M. Increasing ͓Mg͔ from 0.25 to 6 mM resulted in a ͑1.5-2͒-fold increase in the growth rate v g (Ϯ) of both ends, while the shortening rates v Ϫ (Ϯ) increased by factors 3 and 4-5 for plus and minus ends, respectively. These results are averages, however, as individual microtubules demonstrated individual rates of shortening even during a single phase. Over the concentration range explored, ͓Mg͔ significantly affected only the minus end's catastrophe and rescue rates f cat (Ϫ) and f resc (Ϫ) , the higher ͓Mg͔ causing more catastrophes and fewer rescues. The catastrophe rate of the plus ends f cat (ϩ) did not depend significantly on the magnesium ion concentration.
The catastrophe rates reported in ͓31͔ are given without errors, but must have significant errors judging from the relative distribution of data points in ͓31͔, Fig. 5 . Since error bars are not given, we cannot make a detailed quantitative comparison between our model and those data. We note, however, that for the largest tubulin-t concentrations shown in ͓31͔, Fig. 5 catastrophe rates for plus and minus ends are equal and independent of magnesium concentration. According to our model, catastrophe rates for plus and minus ends should be equal at large tubulin-t concentrations as they cause large growth rates; see Eq. ͑19͒. So all that we need is that r is independent of the magnesium concentration and then our model reproduces Fig. 5 Ϫ) corresponding to the largest tubulin-t concentrations in Fig. 5 in ͓31͔ are 4 m/min and 2m/min, respectively.
In Fig. 5 in ͓31͔, f cat (ϩ) barely depends on the magnesium concentration and f cat (Ϫ) at ͓Mg͔ ϭ 6 mM seems equal to f cat (ϩ) . Since we have already seen that r is independent of ͓Mg͔, the ͓Mg͔ independence of f cat (ϩ) implies that v h (ϩ) grows
is independent of ͓Mg͔. The identity of f cat (Ϫ) at ͓Mg͔ ϭ 6 mM with
for any tubulin-t concentration at ͓Mg͔ ϭ 6 mM.
The apparent independence of tubulin-t concentration demonstrated by f cat (Ϫ) at ͓Mg͔ ϭ 0.25 mM in ͓31͔, Fig. 1 . We found in Sec. IV that v h (Ϫ) is about a factor 2 smaller than v h (ϩ) , which was found to be equal to 0.2 m/min at 1mM ͓Mg͔ in Sec. V. So we expect v h (Ϫ) to be less than 0.1 m/min, in full agreement with the condition v h (Ϫ) Ӷv g (Ϫ) ϭ0.7 m/min. In conclusion, our model seems quite able to reproduce the dependence of f cat (Ϯ) on both the tubulin-t concentration and magnesium concentration.
XI. EFFECT OF MAPS
Microtubule associated proteins ͑MAPs͒, such as ͓13͔, XMAP215 ͓59,60͔, and XMAP230 ͓61͔, provide, like magnesium ions, a means for changing the growth rate without changing the tubulin concentration. This gives us an opportunity to compare catastrophe rates obtained at the same growth rate, but with different concentrations of tubulin ͑and ). It is, of course, not obvious that we should be able to learn anything about our model from experiments done in the presence of MAPs. After all, the model was designed to describe the cap dynamics of a pure-tubulin microtubule. MAPs are proteins attaching themselves to microtubules, thereby changing their dynamics. Only if these changes can be described by a change of parameter values in our model will the model be able to describe the effect of MAPs.
A quantitative study of the effect of on growth, catastrophe, and shrinking rates of plus ends was reported in ͓13͔. Our model gives the catastrophe rate as a function of the growth rate. So the measurements reported in ͓13͔ for those two rates provide us with a possibility to test the model. Figure 5 in ͓13͔ shows that as the concentration of is increased from zero to 1M, the growth rate v g (ϩ) is increased by a factor 3. If this increase in v g (ϩ) were the only effect of , a plot of the catastrophe rate against the growth rate should look the same no matter what combination of tubulin-t and concentrations is responsible for any given growth rate. Such a plot is given in ͓13͔, Fig. 7͑B͒ , which shows that the catastrophe rate at a given growth rate is reduced by at least a factor 4 by the increase of concentration from zero to 1M.
Comparing the asymptotic value of f cat at large growth rate given in Eq. ͑19͒ with ͓13͔, Fig. 7͑B͒ , we see that 1 M must have reduced the interior hydrolysis rate of the cap r significantly. In ͓13͔ an upper bound of 0.002 s Ϫ1 is given for the asymptotic value of f cat (ϩ) at large growth rates. Thus, if our model is to describe the effect of , the presence of 1M reduces r by at least a factor 7 compared to the value of r we determined in Sec. V. The catastrophe rates given for lower tubulin-t concentrations in ͓13͔, Fig. 7͑B͒ indicate that v h (ϩ) is reduced from 0.2 m/min to ϳ0.1m/min by the presence of 1M , while r is reduced only by a factor 4. All things considered, the difference between factors 4 and 7 is hardly significant.
The abrupt decrease of f cat (ϩ) to zero with increased concentration reported in ͓13͔, Fig. 7͑C͒ can be understood from our expression in Eq. ͑19͒: Increasing the concentration simultaneously reduces r and v h (ϩ) and increases v g (ϩ) , all three changes serving to reduce the catastrophe rate. Similar considerations can be applied to the effects of XMAP215 ͓59,60͔ and XMAP230 ͓61͔.
XII. DISTRIBUTION OF CATASTROPHE TIMES
Our model predicts more than just the average catstrophe rate: It also predicts the distribution of catastrophe times. While the exact distribution is somewhat complicated, in the experimentally relevant case ␥Ͼ1 the model predicts ͓see Eq. ͑D2͔͒ that the distribution should be very nearly exponential. This prediction has been tested by recent experiments ͓18͔. These authors find that the distribution for the minus end is indistinguishable from an exponential, while the plus end is nonexponential with a confidence of 97%. There are fewer short-time events than one would expect from an exponential distribution.
These data suggest that there are measurable limits to the accuracy of the model presented here. Given the number of simplifications in the model, we do not find this surprising. The fact that their data are so nearly exponential ͑see ͓19͔ Fig. 2͒ , can be taken as further support of the basic principles of the model. Deviations may represent corrections to our coarse-grained picture. Or the data set analyzed in ͓19͔ may actually be exponentially distributed: The result of the statistical test only states that it probably is not.
Other results ͓62͔ in Xenopus laevis egg extracts show that the distribution of catastrophe times in extracts is nonexponential. These extracts, however, contain many of the components of living cells and one knows that the microtubule dynamics can be extensively modified ͓27͔. Therefore, these experiments do not directly tell us about the mechanism of dynamic instability in purified tubulin.
XIII. UV CUTTING EXPERIMENTS
Any cap model predicts that if the cap is lost, a microtubule has a catastrophe. An experiment ͓20͔ to directly test this hypothesis yielded an interesting result. The authors used an UV microbeam to cut off the end of growing microtubules. The exposed plus end always ͑16 out of 16 times͒ suffered a catastrophe, as one would expect from a cap model. However, the exposed minus end always ͑29 out of 29 times͒ continued elongating. If these results are not artifactual, then they show that the dynamics of the minus end are fundamentally different from those of the plus end and it may not be possible to model them in a combined fashion as done here.
There are several caveats to the interpretation of this experiment. First of all, the results are sensitive to the buffer conditions: If the magnesium concentration is raised, then a significant number of minus-end catastrophes are observed ͓63͔. It is possible that the microtubules are photodamaged by the UV microbeam and that this damage determines the outcome of the experiment. One also does not know whether the continued growth of the minus end should be attributed to the lack of a catastrophe or to the occurrence of a rescue ͓5͔, a discussion made difficult by our ignorance about the mechanism of rescue. Nevertheless, these experiments point to the possibility that there are important differences between the two ends. We hope that further experiments will pursue this issue.
XIV. DISCUSSION
A. Self-consistency of the model
It was assumed in the formulation of the model, at the stage where we got rid of the microscopic description, that k h ЈӶk h . Now that the model parameters have been determined by fitting the model to experimental results, this criterion must be satisfied, or the model is not self-consistent. We find, using parameter values from the first line in Table I , that
which shows that k h Ј indeed is much smaller than k h .
B. Microscopic interpretations of the model
We have presented this model in terms of a hydrolysis cap. It is important to realize that the model is in fact far more general than this and can be used to describe a number of microscopic models. Some examples are the following.
Conformational or lattice shift cap
Tubulin units assemble in one conformational state or lattice configuration, but later ͑after hydrolysis?͒ shift to a second conformation. This shift can occur in two ways: ͑i͒ induced shift, in which the conformational change in one region is catalyzed because a neighboring region is in the second conformational state, and ͑ii͒ spontaneous shift, in which a region spontaneously changes state.
Protofilament cap
Recent results ͓52͔ indicate that growing microtubules possess a sheet of protofilaments that are not bound together into a tube. This suggests a possible model in which a catastrophe occurs when the sheet vanishes. The unbound protofilaments become longer as the microtubule grows, but they may bind to each other by two mechanisms: ͑i͒ zippering, in which the tube state is propagated forward, and ͑ii͒ spontaneous binding, in which protofilaments bind to each other somewhere in the middle of the sheet.
MAP-free cap
In this model, catastrophes are caused by a catastropheinducing MAP reaching the tip of a growing microtubule. These MAPs crawl forward along on the microtubule towards the tip, which recedes from them as the microtubule grows. New MAPs may bind anywhere along the length of the microtubule. The MAP-free region at the growing tip of a microtubule may be shortened by two mechanisms, either the forward progress of an already-bound MAP or by the binding of a new MAP somewhere within the MAP-free region. It is of interest to note that motor proteins that increase the catastrophe rate have recently been discovered ͓64͔.
These examples that help illustrate that the basic ingredients of the model are the following:
͑i͒ Growing microtubules possess a cap, the disappearance of which leads to a catastrophe and ͑ii͒ the cap is lengthened by the growth of the microtubule and shortened by two mechanisms: front propagation and spontaneous events. Spontaneous events become more likely as the cap becomes longer. Any microscopic model that leads to these phenomena can be described in terms of a model similar to the one we propose.
C. Rescues
We propose that when the loss of the cap causes disassembly from the end of the MT and disassembly reaches a left-behind patch of tubulin-t, it continues right through it. This implies the existence of additional elements of the dynamics, e.g., GTP hydrolysis is propagated in front of the disassembling tip. The reversal of disassembly to assembly, called rescue, thus requires something more than a leftover patch of tubulin-t, according to our model. Previous models ͓12,11͔ have considered rescues and catastrophes to be two aspects of the same phenomenon. However, we feel that there is little evidence to suggest that this is the case. Indeed, the fact that the rescue rate may be ''adjusted'' independently of the catastrophe rate under some conditions ͓26-28͔ could be taken as evidence that the two phenomena arise from different mechanisms. Others ͓4͔ have also suggested this possibility.
One could build a model for rescues as well. We have refrained from doing this for a simple reason: Much less data has been collected on rescues than on catastrophes. We hope that future experiments will address this aspect.
D. Issues for future experiments
We expect that video microscopy will continue to provide the data that most constrain models of dynamic instability. It would be very useful to have the catastrophe rate and dilution experiments repeated under identical conditions. Recent gains in understanding the effect of buffer conditions ͓33-35͔ may offer new experimental possibilities. By measuring growth velocity, catastrophe rate, and lifetime upon dilution for a variety of tubulin concentrations, the major parameters of our model ͑growth velocity and off rate ͓23-25͔, v h , and r) would be overdetermined, thus providing a rigorous test of the model.
The combination of video microscopy with pressure jump experiments ͓65,66͔ has not been exploited. It should be feasible to construct a pressure cell that permits continuous viewing of individual microtubules ͓67͔. Pressure offers an extremely attractive alternative to dilution because it can be adjusted rapidly and with high precision. Our model makes a specific prediction: The stabilizing cap should equilibrate to the new pressure in an average time t cat , given by Eq. ͑25͒. For times shorter than t cat , a ''memory'' of the previous state persists; the speed with which pressure can be controlled should make this time scale easily accessible.
Finally, the heterogeneity that one sees in the growth velocities of a population of MTs ͓68͔ is still not completely understood. It may be profitable to try to correlate the variability in growth velocity with the occurrence of catastrophes. For example, do MTs that grow more rapidly have less frequent catastrophes? Or is an individual MT more likely to have a catastrophe during periods when its growth is particularly slow ͑or fast͒? These experiments should not require any new apparatus or procedures.
APPENDIX A: NOTATION
This appendix collects our notation, which was introduced gradually throughout the article wherever needed for the first time. Notation not used more than once in the article is not included. t denotes time. x is the length of the GTP cap.
␦xϭ0.6nm is the amount by which the length of a microtubule and its GTP cap is incremented by the addition of one heterodimer to it. ␦x is also the amount by which the cap and trailing patches of GTP shorten by hydrolysis of one heterodimer. k g is the rate heterodimers are added to a growing microtubule end. v g ϭk g ␦x is the average velocity of growth resulting from the rate k g . v g (ϩ) and v g (Ϫ) are the notations used when we wish to distinguish between the two ends' velocities of growth. k h is the rate of hydrolysis for heterodimers at the trailing edge of the cap or at the edge of GTP patches. v h ϭk h ␦x is the velocity with which these edges, or hydrolysis fronts, propagate. v h (ϩ) and v h (Ϫ) are the notations used when we wish to distinguish the two different orientations possible for a hydrolysis front. vϭv g Ϫv h is the velocity with which the cap grows. It is also the velocity with which it grows before dilution, in dilution experiments, while vЈ is its growth velocity after dilution. D is the diffusion constant parametrizing the unbiased random walk performed by xϪvt in time intervals between cutting by internal hydrolysis. Its value is given in Eq. ͑6͒. k h Ј is the rate of hydrolysis for hetero-dimers in the interior of the cap or a GTP patch. rϭk h Ј/␦x is the rate per unit length cap or patch that interior hydrolysis opens up two new hydrolysis fronts. w h ϭv h (ϩ) ϩv h (Ϫ) is the velocity with which a GTP patch shrinks. ␥ is a dimensionless parameter characterizing the dynamics of the cap, defined in Eq. ͑15͒. f cat is the catastrophe rate. t cat is the average waiting time for dilution-induced catastrophes, defined in Eq. ͑25͒. p cat (t) is the waiting-time distribution for dilution induced catastrophes. l GTP is the amount of GTP at a microtubule end, measured in lengths of microtubule. is the amount of GTP per unit length of microtubule at a given time for a homogeneous microtubule and at a given position for an inhomogeneous one. (x,t) is the average number of GTP patches of length x per unit length microtubule at time t. t h ϭ(rw h ) Ϫ1/2 is the characteristic time for hydrolysis processes, defined in Eq. ͑23͒.
1/2 is the characteristic length of GTP patches in hydrolysis, defined in Eq. ͑F6͒.
APPENDIX B: MASTER EQUATION
The evolution in time of an ensemble of microtubule caps evolving according to the dynamics described in Sec. III is described by a linear master equation
where j͑x,t ͒ϭv p͑x,t ͒ϪD‫ץ‬ x p͑x,t ͒ϪrxP͑x,t͒. ͑B2͒
Here p(x,t) is the ensemble density of microtubules with caps of length x at time t, and we have introduced the number
of microtubules with caps of length longer than x. P(0,t) is the total number of microtubules with caps at time t. It satisfies the equation
which shows how the number of capped microtubules evolves in time: it decreases at the rate D‫ץ‬ x p(0,t) with which caps are lost by diffusion to vanishing length and, for vϾ0, increases at the rate v p(0,t), if by some mechanism we supply the ensemble with new, growing microtubules with caps of zero length. For vϽ0, the term v p(0,t) describes loss of caps by convection to vanishing length. Because p(x,t)ϭ0 for xϽ0, the diffusive loss of caps will be infinite if p(0 ϩ ,t)Ͼ0, thereby forcing the system to obey the boundary condition p(0 ϩ ,t)ϭ0 whenever it is left to itself.
In that situation, the catastrophe rate f cat , the rate per capped microtubule at which caps are lost, is
We see that Eqs. ͑39͒ and ͑40͒ contain a total of three parameters v, D, and r. These are the fundamental parameters of our model, which is an effective theory with only D/v relating to the microscopic scale.
The description given here in terms of a master equation is not the only one possible. One can, alternatively, describe the time evolution of the cap by a Langevin equation with a velocity v and two noise terms, one for the fluctuations in velocity and another for the cutting by internal hydrolysis. But for the purposes of the present article we find the master equation more convenient.
APPENDIX C: RIGOROUS ANALYSIS OF MODEL-GENERAL RESULTS
Equations ͑B1͒ and ͑B2͒ comprise an integro-differential equation for p (x,t) . Differentiating it once with respect to x makes it a third-order partial differential equation for p (x,t) . Fortunately, we do not have to deal with these equations. Instead we integrate Eq. ͑B1͒ with respect to x from x to infinity and find
where we have assumed j(ϱ,t)ϭ0 for all t. This boundary condition is satisfied as long as p(x,t) decreases faster than x Ϫ2 at infinity. The opposite case makes the average cap length infinite, a state that is impossible to arrive at with the dynamics of this model, as long as caps are created with finite length.
The three dimension-full parameters v, D, and r in Eq. ͑C1͒ can be combined to form three other independent parameters, of dimension length, time, and none, corresponding to the dimensions of Eq. ͑C1͒'s two dependent variables:
The inverse relations to Eqs. ͑C2͒ and ͑C3͒ are illustrative and useful, Dϭx 0 2 /t 0 , ͑C5͒
Introducing new, dimensionless variables
in Eq. ͑C1͒, it reads
The general solution to this linear equation is
where Ai() is the first Airy function, satisfying Airy's differential equation ͑see ͓69͔, Chap. 10͒
͑C12͒
The second Airy function Bi() is eliminated from the general solution by its exponential growth at infinity. Different boundary conditions at xϭ0 put different constraints on the coefficient function c(␣) in Eq. ͑C11͒. Suppose we leave the ensemble of caps to itself for tϾ0. Then p(0,t)ϭ0 for all tϾ0 and consequently c(␣) is nonzero only for the discrete set of values ␣ k , kϭ0,1,2, . . . , satisfying
This equation defines ␣ k as implicit functions of ␥ as illustrated in Fig. 7 . We have determined several of these functions numerically. The graphs of the first 18 functions are shown in Fig. 8 . For any value of ␥,
for k→ϱ. ͑C14͒
For any positive value of ␥ 2 , the set of functions Ai͓ϩ␥ 2 Ϫ␣ k (␥)͔, kϭ0,1,2, . . . , form a basis for real functions on the real positive-axis. This basis is orthogonal in the scalar product This initial condition results in
where and are related to x and t by Eqs. ͑C7͒ and ͑C8͒. From Eqs. ͑C18͒ and ͑B3͒ it follows that
͑C19͒
Phrased differently, Eq. ͑C19͒ gives the propagator for caps starting out with zero length. Since P(0,t) is the total number of caps in the ensemble, we see that this number is infinite at time tϭ0 according to Eq. ͑C17͒, but finite at any later time according to Eq. ͑C18͒. Because caps disappear from the ensemble by diffusion through ϭ0 and we start the caps out with a vanishing value, we must have an infinite number of caps in the ensemble initially for a finite number of caps to survive to any later time. This infinity is an artifact of our continuum description. As we will not have to deal with early times, we will not encounter it. It is not different from what one finds for ordinary diffusion on the real positive axis with a source and a sink at the origin. The reason it is not different is that at very short length scales, such as in the immediate neighborhood of the origin, the diffusion term dominates over the other terms in our master equation.
APPENDIX D: CATASTROPHE RATE
As argued in Sec. V, caps on the observed microtubules have existed for a sufficiently long time for the ensemble of them to be statistically distributed as the asymptotic distribution obtained from Eq. ͑C18͒ for →ϱ, i.e., as
is the total number of caps in such an ensemble, the catastrophe rate obviously is
Here ␣ 0 is a function of ␥. Its graph is shown as the lowest curve in Fig. 8 . Notice that this lowest curve for positive values of ␥ is well below the other curves shown. This means that neglecting terms with kϾ0 in Eq. ͑C18͒, as we do with Eqs. ͑D1͒-͑D3͒, is a good approximation even for moderate values of . Furthermore, the first term in the asymptotic expansion of ␣(␥) in terms of 1/␥ gives a very good approximation already for ␥Ͼ1, because the second term in the expansion has coefficient zero
͑D4͒
Using this and Eqs. ͑C3͒ and ͑C4͒, we obtain
from which we see that the heuristic result given in Eq. ͑19͒ for large values of ␥ actually is correct as an approximation and is a very good one: compare the full and dashed curves in Fig. 4 . Figure 4 shows a fit based on the full expression in Eq. ͑C18͒ including terms with kϾ0. Because of these terms with kϾ0, the instantaneous catastrophe rate
is time dependent, being larger initially than its asymptotic value, which is approached monotonically. We calculated the average time that a microtubule is observed in its growing state as kϭ0,1,2 , . . . , counting up from the bottom. Note the gap between ␣ 0 (␥) and ␣ k (␥), kϭ1,2, . . . , for ␥у1. It is the reason why the term with kϭ0 quickly dominates the sum over k in Eqs. ͑C18͒ and ͑C19͒ as increases from zero.
Here t cutoff is the time it takes microtubules to grow long enough to be observed, i.e., t cutoff ϭx cutoff /v g , where x cutoff is the minimal length that a microtubule needs to have to be observed. We have used x cutoff ϭ0.1m as this is the typical resolution of the light microscopes used to take the data.
For any nonzero value for t cutoff , Eq. ͑D7͒ is the observed average lifetime of microtubules, related to the observed catastrophe rate by f cat ϭ1/͗t͘. ͑D8͒
The limit t cutoff →0 is tricky. The exact expression for the observed catastrophe rate given in Eq. ͑D8͒ is the one our model tells us to use in the limit of t cutoff →0. This catastrophe rate is infinite, because with the particular choice of initial condition leading to Eq. ͑C18͒, ͗t͘ vanishes with t cutoff in Eq. ͑D7͒. This is so because an infinity of microtubules vanish in the first instant after they are created with zero length at tϭ0, while only a finite number survive a finite time, as discussed in the last two paragraphs of Appendix C. As also explained there, this infinity is an artifact of our continuum description of the cap and is an acceptable artifact since it only shows up in situations that are not encountered when we relate to experimental data, while the continuum description greatly facilitates our modeling task.
APPENDIX E: DILUTION EXPERIMENTS
Our model is a partial differential equation, and initial data and boundary conditions characterizing dilution experiments are required in order to describe such experiments with the model. We meet this requirement in the following way. When microtubules are grown at high tubulin concentration, catastrophes are very rare, so the caps on such microtubules are as old as the microtubules themselves. When these microtubules are grown from seeds, i.e., from zero length, each cap has aggregated and lost again by hydrolysis as much tubulin-t as there is tubulin in the microtubule. So the ensemble of caps in an ensemble of such microtubules is extremely well equilibrated statistically, i.e., distributed according to the asymptotic form given in Eq. ͑D1͒. When the growth rate v g is so large that ␥ 2 ӷ1, ␥Ͼ0, the right-hand side of Eq. ͑D1͒ is well approximated by the first term in its expansion in ␥ Ϫ2 ,
Alternatively, we may arrive at the last expression in Eq. ͑E1͒ by neglecting the diffusive term in our master equation ͑C1͒, that is, by setting Dϭ0 in it. Then the steady-state solution to the master equation is easily found to be the last expression on the right-hand side of Eq. ͑E1͒. Either way, this approximation results in the steady-state distribution
with mean value ͗x͘ϭͱ v 2r . ͑E3͒
Comparing this result with our estimate in Eq. ͑13͒, we see that the latter is very good: it has the form we expected from dimensional analysis and only misses the numerical prefactor by a factor ͱ/ͱ3ϭ1.02. Considering the method of estimation, this precision is the result of luck. Though we have neglected the diffusive term responsible for catastrophes by assuming Dϭ0 in deriving the distribution ͑E2͒, we can still find the catastrophe rate that results from this distribution when catastrophes are permitted by having D nonzero. Strictly treated, these catastrophes will affect the form of the distribution, but that is a higher-order effect in D that can be ignored to a good approximation when D is small. The catastrophe rate is f cat ϭD dp dx
which is just what one gets from inserting Eq. ͑D4͒ into Eq. ͑D3͒. So now we also understand that approximate result as a leading-order perturbative result. Exact or approximated, the function ͑E1͒ is our initial data for the cap length distribution when we model dilution experiments. Suppose that the tubulin concentration c at which microtubules are grown is diluted abruptly to concentration cЈ at time tϭ0. Then, with primes denoting values for tϾ0, the cap length distribution evolves according to
is the scalar product ͓Eq. ͑C15͔͒ between our diagonalizing basis vectors for tϾ0 and our initial condition at tϭ0. The distribution in time of catastrophes following dilution is the instantaneous rate at which caps disappear from the ensemble of caps we had at the time of dilution tϭ0:
For the average lifetime of caps following dilution we then have
c k ͑ ␥,␥Ј͒.
͑E8͒
For only slight dilution, ␥ЈӍ␥ and the exact expressions in Eqs. ͑E5͒ and ͑E8͒ are well approximated by the first, or the first few, terms in the sum over k. For the more interesting case of massive dilution, ␥Јϳ0 or ␥ЈϽ0 and many terms are required in the sums in Eqs. ͑E5͒ and ͑E8͒ to obtain a reasonable approximation. Also, little is gained by using the approximation of Eq. ͑E1͒ in Eq. ͑E6͒. However, for vЈϽ0 cap ''growth'' is negative and causes cap loss by the convective term in Eq. ͑C1͒ in addition to the loss by its diffusive term. In this case we can neglect the diffusive term to a good approximation for ͉␥͉ large, as it only causes a slight smearing of the cap-lifetime distribution obtained without it. Setting Dϭ0 in Eq. ͑C1͒, we can solve it exactly for tϾ0 by using the method of characteristic lines and find P͑x,t ͒ϭexp͑ Ϫrxtϩ 1 2 rvЈt 2 ͒P͑xϪvЈt,0͒. ͑E9͒
We could improve on this approximate result by treating it as a leading-order approximation in a perturbation theory in D, but do not need to for our purposes here. So now we know the cap length distribution at all times after dilution to a concentration that renders vЈ sufficiently negative, 
P͑x
͑E12͒
in the approximation used here.
APPENDIX F: GTP HYDROLYSIS RATES-CASE OF HOMOGENEOUS MICROTUBULE
The variables needed to describe the kinetics of GTP hydrolysis are well illustrated by a much simplified situation. From their functional forms in this situation we easily obtain their forms in realistic situations in Sec. VIII C and in Appendix G.
We consider an infinitely long microtubule that at time tϭ0 consists entirely of tubulin-t. After that time it suffers internal hydrolysis at rate r per unit length, and hydrolysis from the ends of the patches thus created, each patch shrinking with velocity w h ϭv h (ϩ) ϩv h (Ϫ) . Let n(x,t) denote the average number of patches of length x to be found per unit length of microtubule at time tу0; since this is an average, it is a real number. The total number of patches per unit length of microtubule then is n͑t ͒ϵ ͵ 0 ϱ dx n͑x,t͒. ͑F1͒
Similarly, the total length of tubulin-t per unit length of microtubule is
at time t and should equal 1 at time tϭ0. The average length of patches at time t is ͗x͘ t ϭ͑t ͒/n͑ t ͒.
͑F3͒
The density n(x,t) evolves in time according to the master equation ‫ץ‬ t n͑x,t ͒ϭw h ‫ץ‬ x n͑x,t ͒Ϫrxn͑x,t͒ϩ2r ͵ x ϱ dxЈn͑xЈ,t͒.
͑F4͒
On the right-hand side of this integro-differential equation, the first term describes the change of patch length by hydrolysis from both ends at velocity w h ϭv h (ϩ) ϩv h (Ϫ) . The second term describes the loss of patches of length x caused by their internal hydrolysis at rate rx. The third term describes the creation of patches of length x from patches of any length xЈϾx by internal hydrolysis at rate r per unit length. The factor 2 in front of this term is there because one event of internal hydrolysis in a patch of length xЈ can create a patch of length x in two ways: by separating the length x either from one end or from the other end.
The master equation ͑F4͒ contains two parameter r and w h with dimensions ͓length ϫ time]
Ϫ1 and ͓length/time͔, respectively. These parameters may be replaced by two other parameters 
͑F6͒
of dimensions ͑time͒ and ͑length͒, respectively. The latter parameters define the time and length scales of the process of hydrolysis. t h was introduced already in Eq. ͑23͒. Using the values for r and v h (Ϯ) given in The form of the solution n(x,t) in Eq. ͑F14͒ is easily understood. Internal hydrolysis of the infinite microtubule is a Poisson process causing an exponential distribution of patch lengths x. This Poisson process is superposed with the shrinking at velocity w h of the patches it creates. But an exponential distribution on the positive half axis remains invariant under a shift of the origin of the axis. So the shrinking process does not change the character of the result of the Poisson process. Were it not for the shrinking and vanishing of patches, the Poisson process would have resulted in a density rt of points of internal hydrolysis, hence in n(t)ϭrt patches per unit length, with average length ͗x͘ϭ1/͑rt͒, from which n͑x,t ͒ϭ͑ rt͒ 2 exp͑Ϫrtx͒ follows because patches shrink and vanish, their number does not just grow as rt. But the patches present at any time t are, nevertheless, distributed in x according to the distribution just given. So the shrinking process does not affect the distribution of patch lengths. Only the number of patches is affected: compare Eqs. ͑F14͒ and ͑F15͒ with the same expressions for w h ϭ0.
APPENDIX G: GTP HYDROLYSIS RATES-CASE OF MICROTUBULES GROWING AT DECREASING RATE
In Sec. VIII C we considered the case of GTP hydrolysis of caps grown with constant microtubule growth rate v g . If instead v g decreases as the microtubules grow, because the concentration of tubulin-t in solution is depleted by their growth, the situation is more complicated. Depletion of tubulin-t takes place in the hydrolysis experiments reported in ͓17͔, ͓43͔, and ͓40͔. So for the benefit of the reader wanting more than the upper bound given in Sec. VIII C, we present our model's predictions in this appendix.
If the characteristic time for depletion is much longer than the characteristic time for hydrolysis t h , we have a quasistationary growth rate as regards hydrolysis and the hydrolysis rate and the amount of tubulin-t present at microtubule ends will follow the instantaneous growth rate; the results in Sec. VIII C apply when the instantaneous growth rate is substituted for the constant groat rate assumed there. This is not the situation in the experiments described in ͓17͔ and ͓43͔. In those experiments tubulin-t depletion occurred at rates comparable to t h . This appendix describes that situation.
When stabilized microtubules grow with a velocity v g that is proportional to the tubulin-t concentration c, v g ϭv g Јc,
͑G1͒
and deplete the latter by their growth, the absence of catastrophes makes them all grow to the same length l(ϱ) and in the same way l͑t ͒ϭl͑ ϱ ͒͑ 1Ϫe
where we have introduced the characteristic time
for depletion of the tubulin-t concentration by a constant concentration of microtubules MT . The assumption that the concentration of microtubules is constant during their growth applies in the experiment described in ͓17͔ because microtubules are grown from seeds; see ͓18͔, Fig. 1 . When microtubules are nucleated in the bulk of the tubulin-t solution, the randomness of the nucleation process gives rise to a distribution of finite width for the lengths of microtubules at any given time, compare ͓43͔, Fig. 4͑E͒ . In this case Eq. ͑G2͒ applies only to the distributions average length and only after nucleation has been effectively stopped by depletion of tubulin-t. At time t, the age since assembly tЈ of the part of the microtubule located a distance lЈ behind its growing tip satisfies the equation l͑tϪtЈ͒ϭl͑t ͒ϪlЈ. ͑G4͒
